We say an R-module M has the generalized summand intersection property (briefly GSIP ), if the intersection of any two direct summands is isomorphic to a direct summand. This is a generalization of SIP modules. In this note, the characterization of this property over rings and modules is investigated and some useful propositions obtained in SIP modules are generalized to GSIP modules.
Introduction
Throughout this paper all rings are associative with unity and R always denotes such a ring. Modules are unital and for an Abelian group M , we use M R to denote a right R-module. For any terminology, the definition of which is not given please see [2, 6, 13 ]. An R-module M has the summand intersection property (briefly SIP ) if the intersection of any two direct summands is again a direct summand. The definition of SIP was first given by Wilson [17] and this definition together with its generalizations were later studied by many authors [1, 3, 12] . M is said to have the strong summand intersection property (briefly SSIP ) if the intersection of any number of direct summands is again a direct summand. A ring R is called a right V -ring if every simple right R-module is injective. For any R-module M , E(M R ), End(M R ) and r(X) (resp. r(x)) will denote the injective hull of M , the ring of R-endomorphisms of M , and the right annihilator of a subset X (resp. single element) of M in R, respectively. For any nonempty subset N of M , N ≤ M , N ≤ e M and N ≤ d M will denote N is a submodule of M , N is an essential submodule of M and N is a direct summand of M , respectively. M ∼ = N means that M is isomorphic to N . Recall that in a commutative ring R, the ideal I is prime if ab ∈ I implies a ∈ I or b ∈ I [11, p.1] . A module M is called a CS (or (C 1 )) module if every submodule of M is essential in a direct summand of M . Recall that a module M satisfies (C 11 ) if every submodule of M has a complement which is a direct summand [15] . A submodule N of M is f ully invariant, if for every φ ∈ End R (M ), φ(N ) ⊆ N . Recall that a module M is called a (weak) duo module provided every (direct summand) submodule of M is fully invariant. Fuchs [7] defines a module M to have the absolute direct summand property (briefly ADS), if for every decomposition M = A ⊕ B of M and every relative complement In this paper, we say a module M has the generalized summand intersection property (briefly GSIP ), if the intersection of any two direct summands is isomorphic to a direct summand. A characterization of GSIP modules are provided in Theorem 2.2 which state that an R-module M has the GSIP if and only if for every pair of direct summands K and L with π : M −→ K, the projection map, the kernel of the restricted map π| L is isomorphic to a direct summand. Another characterization of GSIP modules is given in Theorem 2.3 which state that an R-module M has the GSIP if and only if for every decomposition M = A ⊕ B and every R-homomorphism ϕ from A to B, the kernel of ϕ is isomorphic to a direct summand. Example 2.4 demonstrates that there is a Z-module which has the GSIP but does not have the SIP. Example 2.5 shows that there is a module family which has the GSIP but does not have the SIP. Two necessary conditions for the equivalence of SIP and GSIP conditions are given in Proposition 2.7 and Proposition 2.15 that if a module M is quasi-continuous or satisfies (C 2 ), then M has the SIP if and only if M has the GSIP. Naturally it is of interest to examine whether or not an algebraic notion is inherited by direct summands and direct sums. It is shown in Example 2.16 that a direct sum of two modules having the GSIP, may not have the GSIP. As an answer to this question, it is proved in Proposition 2.18 that if A and B being two R-modules having the GSIP with the property r(A) + r(B) = R, A ⊕ B has the GSIP. Also, it is proved that assuming 
GSIP modules
Definition 2.1. An R-module M has the generalized summand intersection property (briefly GSIP ) if the intersection of every pair of direct summands of M is isomorphic to a direct summand of M . We say a ring R has the right GSIP if the module R R has the GSIP i.e., for every pair of idempotents c, d in R there exists e 2 = e ∈ R such that cR ∩ dR ∼ = eR.
Clearly semisimple, indecomposable and uniform modules have the SIP. It is well known that a module is weak duo if and only if its endomorphism ring is Abelian. Moreover any module with an Abelian endomorphism has the SIP. Thus (weak) duo modules have the SIP. Recall that, if a module M is CS and a polyform module, then M has the SIP by [1, Lemma 11] , and if M is injective and a prime R-module, then M has the SIP from [8, Proposition 2.1], and if M is a projective module over a hereditary ring, then M has the SIP by [17, Proposition 3(a)], and if F is a free module over a principle ideal domain (PID), then F has the SIP by [10] . It is obvious from the definitions of SIP and GSIP that if a module has the SIP, then it has the GSIP. Thus, the above mentioned module families have the GSIP. Proof. Assume M is an R-module with the GSIP. Let M = A ⊕ B and ϕ be an R-
Theorem 2.2. An R-module M has the GSIP if and only if for every pair of direct summands K and L with
Since M has the GSIP, C ∩ A is isomorphic to a direct summand of M . It is a straightforward matter to show that C ∩A = Ker ϕ. Hence, Ker ϕ is isomorphic to a direct summand of M . To prove the converse, suppose that M = A ⊕ B has the stated property.
Ker σ, and Ker σ ∼ = P , X ∩ Y is isomorphic to a direct summand of P . Then, X ∩ Y is isomorphic to a direct summand of M . Thus, M has the GSIP.
The following two examples illustrate modules having the GSIP but not the SIP. Let r 1 , r 2 ∈ A/xA and r 1 ̸ = r 2 . Only one of the intersections, namely
is not a direct summand but it is isomorphic to direct summand
. Hence R R has the GSIP but not the SIP.
The next proposition is a consequence of [14, Lemma 5], but we will present a proof below.
Proposition 2.6. A module M having the GSIP has the SIP if and only if for any two direct summands A 1 and A 2 of M , with an R-isomorphism σ :
Proof. Assume that a module M having the GSIP has the SIP. Let A 1 and A 2 be two direct summands of M and σ : A 1 ∩ A 2 −→ P be an R-isomorphism where P be a direct summand of M . By assumption, M has the SIP. So,
Conversely, M has the stated property. Let A 1 and A 2 be direct summands of M . Since M has the GSIP, there exist a monomorphism σ :
Proposition 2.7. If an R-module M satisfies (C 2 ), then M has the SIP if and only if M has the GSIP.
Proof. The necessity is clear. The inverse follows immediately from the definition of the (C 2 ) property.
Corollary 2.8. Let M be an R-module. Then the following are equivalent: (a) E(M ) has the GSIP. (b) For submodules A and B of M , the following equality holds: E(A ∩ B) = E(A) ∩ E(B).
Proof. 
Since M 2 is an indecomposable submodule, α is onto and therefore M 1 is isomorphic to M 2 . It remains to show the condition on annihilators. Let x, y ∈ M be nonzero and suppose that there is some a ∈ r(x) with a ̸ ∈ r(y).
. We see that x ∈ Ker β, so β is not a monomorphism. Also y ̸ ∈ Ker β, so β ̸ = 0. Since M 1 ⊕ M 2 has the GSIP and satisfies (C 2 ), M 1 ⊕ M 2 has the SIP from Proposition 2.7. Thus, Ker β is not a direct summand, contradicting [9, Proposition 1.4]. Thus, r(x) = r(y) for all nonzero x, y ∈ M 1 . Then r(x) is a prime ideal follows immediately from [11, Theorem 6] . 
Proof of the proposition is again routine in the case that M satisfies (C 11 ) and ADS property. Instead of giving a long proof of the proposition, we state that the proof follows straightforwardly from [4, Proposition 1.3 (2) ].
The following example shows that direct sum of two modules having the GSIP, may not have the GSIP. To the best of authors' knowledge, it is not yet known whether a direct summand of a module having GSIP has the GSIP. Theorem 2.19 shows that a fully invariant direct summand of a module having the GSIP inherits the property and this result gives conditions under which the direct sum of modules having the GSIP has the GSIP. [18, 20.7] . And also every R-module has the GSIP by Corollary 2.9. Hence, (a) holds.
The following example shows that right GSIP modules cannot be Morita invariant. R, which is a nil right ideal. Since R is a quasiFrobenius ring, it satisfies (C 2 ). Hence eR ∩ f R cannot be isomorphic to an idempotent generated right ideal (i.e., a direct summand). Therefore the right R-module R does not have the GSIP, so GSIP is not a Morita invariant.
